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Abstract 

Let Q, he a bounded domain in M" and : dO, —>■ be 
a continuous map. The Dirichlet problem for the minimal surface 
system asks whether there exists a Lipschitz map / : J7 — > M"^ with 
f\dn = (p ctiid with the graph of f & minimal submanifold in R""'"™'. For 
m = 1, the Dirichlet problem was solved more than thirty years ago 
by Jenkins-Serrin for any mean convex domains and the solutions 
are all smooth. This paper considers the Dirichlet problem for convex 
domains in arbitrary codimension m. We prove if ^ : — > M™ satisfies 
8n(5 supf^ iD'^ipl + \/2supgQ iDip] < 1 , then the Dirichlet problem for 
i^ldn is solvable in smooth maps. Here 5 is the diameter of 0,. Such 
a condition is necessary in view of an example of Lawson-Osserman 
jl5j . In order to prove this result, we study the associated parabolic 
system and solve the Cauchy-Dirichlet problem with ■0 as initial data. 

1 Introduction 

There has been emerging attention to minimal submanifolds of higher codi- 
mension in recent years. Calibrated submanifolds, e.g. special Lagrangians, 
arise naturally in string theory and mirror symmetry. This paper considers 
the Dirichlet problem for the minimal surface equation in arbitrary codimen- 
sion. 

The study of non-parametric minimal hypersurfaces has a long and rich 
history. Since the seventies, the Dirichlet problem is well-understood due to 
the work of Jenkins-Serrin [T^, De Giorgi and Moser ^20^. In contrast. 
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very little is known in higher codimension. In their paper "Non-existence, 
non-uniqueness, and irregularity of solutions to the minimal surface system" 
[T3] . Lawson and Osserman show there exists smooth boundary data r] = 
[t]^, ■ ■ ■ ,1]"^) : S"'~^ M™ such that the Dirichlet problem is not solvable in 
Lipschitz maps for Rr] = {Rrj^, ■ ■ ■ , Ri]"^) when R is large. 

Indeed, consider C with standard complex coordinates {zi,Z2) 
and let r] : ^ S"^ C M^^ he the Hopf map given by r){zi,Z2) = (l-^iP — 
|22p, 22:1 ^2)- Scale the image of by i? > in to obtain a one-parameter 
family of boundary maps Ri] : ^ S'^{R) C M^. It was shown in |T3] 
that when R > 4.2, the Dirichlet problem is not solvable in Lipschitz maps. 
When R = a Lipschitz solution exists as a non-parametric minimal cone. 
The latter example also suggests the regularity theory of non-parametric 
minimal surfaces differs in codimensions: any Lipschitz minimal hypersurface 
is smooth. 

It is thus natural to conjecture that the solvability of the Dirichlet problem 
is related to the variation of the boundary map. This paper provides classical 
solutions to the Dirichlet problem for minimal surface systems in arbitrary 
codimension assuming such conditions. 

Theorem A. Let Q be a bounded convex domain in M" with diameter 5. 
If ip : Q ^ satisfies Sn^sup^ + v^sup^^ iDipl < 1, the Dirichlet 

problem for the minimal surface system is solvable foriplg^ in smooth maps. 

For X G f2, \DiIj\{x) is the norm of the differential Diplx) : M" 
defined by 

\D^p\{x) = sup \Dij{x){v)\. 

\v\=l 

Similarly, 

\D'^ip\{x) = sup \D'^ip{x){v,v)\. 

\v\=l 

We solve the Cauchy-Dirichlet problem of the corresponding parabolic 
system with the initial map i/j. The associated parabolic system to the min- 
imal surface equation is the mean curvature flow. It consists of a family of 
immersions F : f2 x [0, T) — > satisfying ^ = H, where H is the mean 

curvature vector of F{Q,t). A maximum principle for higher codimension 
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mean curvature flows was discovered in [21] and [22] • The estimate turns out 
to be crucial to the existence and regularity problem in higher codimensions. 

The solutions to the minimal surface system are critical points of the 
functional 

J ^detil + iDfVDf) 

where Df is considered as a linear transformation Df : —>■ M™" and (Df)^ 
is the adjoint of Df. The mean curvature flow is the gradient flow of this 
functional. 

A major difference between co dimension one and higher co dimension is 
the following: the function a/1 + jx^ is convex for a; G M", while 

^ydet{I + A^A) 

is not convex in the space of m x n matrices. The convexity condition is 
important in the variational approach, see for example Theorem 12.10 in [H] 
for the existence of Lipschitz solution to the Dirichlet problem in codimension 
one. 

We remark that if we require the minimal submanifold to be Lagrangian, 
the minimal surface system is reduced to a fully nonlinear scalar equation 

Jm(det(/ + V^D\)) = 

where / = identity matrix and D'^u = (q^^) is the Hessian matrix of u. The 
Dirichlet problem for prescribed boundary value of u was solved by Caffarelli, 
Nirenberg and Spruck in [3]. 

The paper is organized in the following way. We establish the relation 
between the parametric and non-parametric form of the mean curvature flow 
in §2. In §3, a boundary gradient estimate is derived using the initial map 
as a barrier surface. Theorem A is proved in §4 . 

I am indebted to Professor R. Hamilton, Professor D. H. Phong, Professor 
R. Schoen and Professor S.-T. Yau for their constant advice, encouragement 
and support. 

2 Preliminaries 

Let C be a domain and i/j : Q ^ M"^ be a vector-valued function. The 
graph of tp is then given by the embedding / x -0 : — > M" x M"* = R"+'" 
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where / is the identity map on Q. 

Let F : Q x [0, T) ^n+m ^ parametric solution to the Dirichlet 
problem of the mean curvature flow, i.e 

_ rr 

(2.1) 



an- 



In terms of local coordinates {x^, ■ ■ ■ , x") on S, the mean curvature flow 
is the solution 

F = F'^{x\--- ,x'^,t), A=l,--- ,n + m 
to the following system of parabolic equations 

where g^^ = [gij)^^ is the inverse of the induced metric gij = ^ ■ The 
notation (•)-^ denotes the tangent part of a vector in R^^"*, i.e. the projection 
onto the subspace spanned by {§^}i=i-n, while (■)^ denotes the normal part 
or the projection onto the orthogonal complement of the tangent space. 

Recall the following formula for the Laplace operator of the metric in- 
duced by F{-,t). Note the summation convention, repeated indices are 
summed over, is adopted in the rest of the article. 



Lemma 2.1 



^/gdx^ dx^ dx^dx^ 

where g — det gij . 

Proof. 

We calculate 



^/gdx'' dx^ \/g dx'^ dx^ dx^dx^ 

Thus the normal part is 
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To prove the lemma, it suffices to show AF is always in the normal 
direction. We calculate 



dF Id dF dF OF d'^F 



dx^ ^/g dx"^ dx^ dx^ dx^ dx^dx^ 

Now 



■ dF d'^F 1 ., d 
T ■ — : = -g^ 1 

dx^ dx'^dx^ 2 dx^ 



By definition, §j ' §^ = 9jk, therefore 



OF Id Id 



Apply the formula 



we obtain 



9 9 



o I. 99 o u ; 

ox" ox'' 



AF 

dx'' 

□ 

We now derive a relation between parametric and non-parametric solu- 
tions to the mean curvature fiow equation. In codimension one case, this was 
derived in jB]. 

Proposition 2.1 Suppose F is a solution to the Dirichlet problem for mean 
curvature flow \2.1\) and that each F{Q, t) can he written as a graph over 
C M". Then there exists a family of diffeomorphism rt of Q such that 
Ft = Ft o rt is of the form 

F{x ,37 ) (x ,x ,/ ,/ ) 

and f = {f\--- J"") -.Qx [0, T) ^ satisfies 



dt y dx^dx:> " 

f\dn = i'lan 



(2.3) 
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where g'^ = {g,j) ^ and Qij = 5ij+E/3 Conversely, iff = (/\ ■■■,/"") 

^Ix [0, T) ^ satisfies \2. r^) . then F = I x f is a solution to 

ij^F{x,t))^ = H{x,t). 

Proof Denote the projections tti : ^ R'^ and TTg : ^ M'". We 

first solve for given ft = t^2° Ft- Since tlie image of is contained in the 
graph of /t, we have 

fti-Kl O F)= 7120 Ft 

or 



It follows 



Tl2 O Ft O T^i O Ft = 712 ° Ft. 



rt = (tti o Ft)-' 



is the required diffeomorphism. Notice that rt is the identity map on dQ. 
Since F[x,t) = F[r{x,t),t) is simply a reparametrization of F, 

9F . . dF , , . , ,^,dr. 

which implies the normal parts of ^{x,t) and ^{r(x,t),t) coincide. 
Thus F satisfies 

{jF{x,t))^ = H{x,t) 



where H{x,t) is the mean curvature vector of Ft{Q) at F{x,t) and H 



Since both -^F and are in and the map (■)-'- on is one- 



to-one, we obtain 



dF .. d'^F 
— = 9^ 



dt dx^dx^ 

The last m components give the desired equations for /. The other direction 
follows in the same way. 
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□ 

We remark that if we solve for r : Q x [0,T) ^ Q that satisfies 

where dF{r{x, t),t) : Tr{x,t)^ ^ ^F(f(x,t),t)-^(^) -^(^' ^) = F'irix, t),t), 

then 

j^F{x,t) = H{x,t). 
In the codimension one case, we have 

^ dx^dxJ ^^dx'^^dx''' 
This follows from the fact that g^^ has a very simple expression 



9'' = ih + 



-1 _ e fifj 

i + \Dfr 



The Cauchy-Dirichlet problem for the equation 



dt ^ ' ' ^1 + |D/|2 Sx* 

has been studied by Huisken jT2] and Lieberman [THj . 

The following zeroth order estimate is a direct consequence of the maxi- 
mum principle . 

Proposition 2.2 Let f : x [0,T) —>■ be a solution to equation \2/J\) . if 
supqx[o,t) I-^/I hounded then 

sup /" < sup 

cx[o,T) n 

where ip is the initial map in equation \2/J\) . 
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3 Boundary gradient estimates 



The key point in the boundary gradient estimate is to construct barrier func- 
tions. The estimate in this section makes use of the initial data 



as a barrier surface. We shall adopt the non-parametric version of the mean 
curvature flow ()2.3p throughout this section. 

Let r be an (n — 1) dimensional submanifold of R" and dr{-) be the 
distance function to F. Let / = (/^, ■ ■ ■ , f"^) be a solution of equation ()2.3|) . 
For each a = 1 ■ ■ -m, consider the following function defined on M". 

s{x\ ... ,x^,t) = z/iog(i + kdr) - (r - r) 

where iy,k > are to be determined. 
I- 

ax'dx^ 



We denote g^^ aSdxi ^ ^^^^ section where g^^ = {gij) ^ and gij 



^ij + J2f} ^f^- Direct calculation shows 

A , /. , , N k / . , X fc^ iiddr ddr 

-Alogd + Mr) = J^^i-Adr) + ^^^g"—— 

Therefore S satisfies the following evolution equation. 



uk / . , X '^k'^ ddr ddr , /o . n 

Now we prove the boundary gradient estimate for convex domains. 

Theorem 3.1 Let Q be a bounded convex domain in M". Suppose the 
flow \2.3\) exists smoothly on x [0, T) , then the following boundary gradient 
estimate holds: 

\Df \ < An6{l + i)su^\D'^i)\ + y2sup|D^| on dVt x [0,T) 

Q. an 

where ^ = sup^xpT) l-^/P '^^'^ ^ ^■^ diameter ofQ. 
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Proof. We take T to be the supporting n — 1 dimensional hyperplane P at a 
boundary point p. Since dp is a linear function, Adp = and equation (|3.1|) 
becomes 

Since the eigenvalues of g"^^ are between and 1 and \Ddp\ = 1, we 
obtain 



ijddp ddp 

1 ■' — r— r > 



Now 



uk"^ ■■ ddp ddp vk'^ 1 
/J > 



(1 + kdpY^ dx' dx^ ~ (1 + kSy 1 + ^ 
because dp{y) < \y — p\ < 6 for any y E Q. On the other hand, 

Now we require 

1 



In view of (I3.2|l . the condition ()3.3|1 guarantees — A)S > on [0,T). 
Notice that on the boundary of Q, we have S > except 5" = at p by 
convexity. On the other hand, S > on Q at t = 0. It follows from the 
strong maximum principle that S > on Q x (0, T). Likewise we can apply 
this procedure to S" = log(l + kdr) + (/" — "0"). Therefore at the boundary 
point p, the normal derivative satisfies 



I \{P) < hm 3—^ < lim -— = uk. 

on dp{x)~^o dp[x) dp{x)^o dp[x) 

We may assume = for all a except a = 1 by changing coordinates 
of to obtain 

I ^'^ I < A; + I ^^'^ I 
dn dn 
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For X G dfl, define \D^^f\{x) = sup^ \ Df{x){v)\ where the sup is taken 
over all unit vectors v tangent to dQ. The Dirichlet condition implies 

\D^^f \ = \D^^i^\ 

on dQ. 

Therefore 

\Df \ < J {uk + 1^1)2 + ID^^M^ <uk + V2\Dij\ 
V on 

on dVl. 

Now we can minimize uk subject to the constraint (jlll^j] . The minimum 
is achieved when k = and uk = 4n5(l + ^) sup^^ iD^'ipl- The theorem is 
proved. 

□ 



4 Proof of Theorem A 

Proof. 

We divide the proof of Theorem A into several steps: 

1. We can prove short time existence as Theorem 8.2 in By the 

Schauder fixed point theorem, the solvability of equation ()2.3|) reduces 
to the estimates of the solution (/") to 




dn 



where g'^ = (gij) ^ and gij = 6ij + E/3 fo^' any u= with 

uniform C'^''^ bound. 

Notice that equation ()4.H) is a decoupled system of linear parabolic 
equations. The equation is uniform parabolic and the required estimate 
follows from linear theory for scalar equations. 

2. Denote the graph of ft by S^. We show that \Dft\ < 1 holds under 
the assumption of the theorem. Instead of calculating the evolution 
equation of the differential of /, we consider the restriction of following 
symmetric bilinear form defined on M""'"'", 
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P{X,Y) = (7ri(X),7ri(y)) - {ir^iX) , n2{Y)) 



where vri : R"+"^ = M" x R™ and vrs : ^ R'" are the 

projections onto the first and the second factor, respectively. It is clear 
that \Dft\ < 1 if and only if the restriction of P to the tangent space 
of St is positive definite. 

We shall use the parametric version of the mean curvature flow to 
derive the evolution equation of P. Let F : Q x [0,T) —>■ R""*""* be a 
mean curvature flow. Fix a coordinate system {x*} on Q and denote 
the restriction of P to by Pij = -P(^, §^)- ^ denotes the rough 
Laplacian on tensors, so AP = g^^Vk^iP where g^^ = g'j^^, gki = 
^ ■ 1^ is the induced metric and Vfc is the covariant derivative on 
with respect to 

We shall look at the evolution equation of Pij at a space-time point 
{p, t). We choose an orthonormal basis {ea}a=i-m for the normal space 
at {p, t) and denote the a component of the second fundamental form 
by haki = QxkQ^i ■ and of the mean curvature vector by Ha = H ■ Ca- 
Then Pa satisfles 



where F^/? = ^(6^,6/3). 

Equation ()4.2|) is essentially derived in [21] (see equation (2.3)) and we 
derive it again in the appendix for completeness. 

We claim if we assume 



then supq \ Dft\ < 1 as long as the flow exists smoothly. By integra- 
tion along a path in fl, we have sup^ |-D/o| = supj^ iDipl < 1 initially. 
Suppose \Dft\ = 1 for the flrst time at to at some po in some tangent 
direction v. Theorem 3.1 implies supg^^ \Dft\ < 1- Therefore po must 



d 
di 




(4.2) 



8n6 sup \D^^\ + v^suplDV'l < 1 
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be an interior point and f is a null- vector of Pij. We then apply Hamil- 
ton's maximum principle (Theorem 9.1 in ^U], see also ^Tj) for tensors 
to equation ()4.2|) and show Pij being positive definite is preserved. De- 
note the right hand side of ()4.2|) by Nij. We need to show whenever 
PijV^ = for all J, we have Nijv^v^ > 0. 

It is easy to see the terms 



vanish for such f*. The key point now is when Pij is non-negative 
definite, P^/? is non-positive definite. This can be seen by applying sin- 
gular value decomposition to the linear transformation Df : M" —>■ M™. 
For simplicity we assume n = m, the general case follows in the same 
way except the notation is more complicated. At any point on Et, let 
{Xi}i=i...n be the singular values of Df, then there exist an orthonor- 
mal basis {aj}i=i...„ for R" and an orthonormal basis {a„_|_i}j=i...„ for 
such that 

Df{ai) = Xittn+i- 

Then {d = (a^ + Xittn+i)} and {e„+i = ^==(a„+j - Ajaj)} form 

orthonormal bases of the tangent and normal space, respectively. In 
these bases, the restriction of P to the tangent space is y^Ia^^ the 

restriction to the normal space is j^f^^iJ- '^^^ same method can be 
used to proved Pij — egij > 0, or equivalently l-D/P < for any e > 
is preserved along the flow. 



3. We can prove long-time existence by blow-up analysis as in [21] and 
|22j . We first recall a formula for mean curvature flows from [221 and 
|24j . Let Qi be the volume form of M" and 



Q (dF_ d£_ 



y/det gij 



be the Jacobian of the projection tti restricted to St. *Qi = ^yi{i+X^) 
in terms of the singular values of Df. The evolution equation for *Qi 
in derived in |22] (equation (3.8)). To obtain the equation for ln*f2i 
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from equation (3.8) of [221; simply follow the calculation in Proposition 
2.1 of 7? . We obtain 



a,l,k k,i k,i<j 

(4.3) 

Now \Df\ < 1 implies \Xi\j\ < 1 and the right hand side can be 
completed square to 

{^-A){\n*Qr)<-eM\' 
at 

for some ei > 0. The argument in Proposition 6.1 of [21] (see also 
Theorem A of [22]) shows vanishes on a parabolic blow-up limit, 
so White's regularity theorem [23] gives C^''^ bound for some 7. All 
the higher order estimates can be derived as in the codimension one 
case, see for example [H]. In conclusion, we obtain finite time regularity 
ft e C°°{fl) n C^{fl). Therefore, the solution to the mean curvature 
flow ()2.3|) exists smoothly in [0, 00). 

4. The area element ^ along the mean curvature flow satisfies ^^/g = 
— \H\'^y/g. Integrating over space and time we find that 

Jo JT,t 

is bounded. We can find a sequence Sj. such that L 0. Since 

we have gradient bound too, we may extract a subsequence U such that 
S(. converges to a Lipschitz graph with J \H\'^ = and \Df\ < 1. 

5. Interior Regularity of the limit is proved in the next theorem. Boundary 
regularity follows from AUard's Theorem 0, see Theorem 2.3 in [T^ . 

□ 

Lawson-Osserman's example of non-parametric minimal cone also demon- 
strates the difference between codimension one and higher codimension in 
regularity theory. In codimension one, a Lipschitz non-parametric minimal 
cone is smooth. A scalar solution to a quasilinear uniform elliptic equation 
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is smooth, while a solution to a uniform elliptic system may not be. We do 
have the following regularity theorem when \Df\ is better controlled. 

Theorem 4.1 Let Q be a bounded domain in R" and f : Q —>■ MJ^ be a 
Lipschitz solution to the minimal surface system such that \XiXj\ < 1 — £2 for 
any i ^ j for some 62 > 0, then f is smooth. 

Proof. This follows from the Bernstein type theorem proved in [21]. We show 
the tangent cone at any possible singular point pq is flat. Indeed, any blow 
up limit at pq is a minimal cone by the monotonicity formula. We then apply 
dimension reduction to show the only possible singularity is the vertex of the 
cone. Notice that the condition \XiXj\ < 1 — e is preserved under blow-up 
and thus remains true on the minimal cone. The proof of Theorem 1.1 in 
(using essentially the stationary form of ()4.Hj) ) applies to this situation, 
thus the tangent cone at po is fiat and then AUard's regularity theorem P 
implies po is a regular point. 

□ 



5 Appendix 

Let F : Q X [0,T) ^ be a parametrized mean curvature flow and let 

= F{Q,t). Given a bilinear form P = Pab defined on M"+'". The restric- 
tion of P to is denoted by Pij = Pab^^^^- Pij is a time-dependent two- 
tensor defined on and we consider the rough Laplacian AP = g^^'S/^WiP 
with respect to the time-dependent induced metric. 
First we have 



^p,dF OF ^ p dF dF 



dx^ dx'- ' dx^ dx^ ' dx^ dx'- ' dx^ 

by the Leibnitz rule of the covariant derivative V on Sf. To simply the cal- 
culation, we can choose our coordinate so that the connection term = 



at a space-time point {p,t). 
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By Leibnitz rule again, 



~dF^ ^ dF^ dF _ dF^ dF _ dF^ ^^dF 

dx^ ' dx^ dx^ dx^ dx^ ' dx^ dx^ ' dx^ dx^ ' dx^ 

(5.1) 

We compute the terms in the bracket, 



Ap(^ ap ^ _ ap ap ^ _ ^^ap ^ ap ^ 

5x* ' dx^ dx'- ' Sx-J ' dx^ 

d^F dF OF d^F dF dF dF dF 

^^dx'-dx^ ' dx^ ^ ~^ dx^ ' dx^dx^ ^ P(Si i ) Pi > ^/ Q^j 

^^dx^dx^^ 'dxo^ ^dx^'^dx^dx^' 
Plug this into equation ()5.ip . we continue 



d d'^F dF d'^F d'^F 



dx'^ dx^dx'- ' Sx-' dx^dx'^ ' dx^dx^ 

d d'^F d d'^F dF d'^F d'^F 

^ ^ax'^^Sx'Sx^^ ' 'dxo' ^^dx^dx^' '^dx^dxo' ' 
We can commute the derivatives as the following 

p^^d , d^F dF . 



dx^ dx^dx'- ' dx^ 

= Pii Y )^ - — ) 

dx'^dx^dx'^ dx^ dx^ ' dx^ 

^^dx'^dx^dx^' ' ^dx^ dx^' ^dxf" dx^' ' dx^' 

Now 

, d ^ dF^: , d „ dF^. ^ 

at p since is a tangent vector and 9^\-§^i{^^YY = (|f )"^' 

Therefore 
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^ dx^ ' dx^ ^ ^ ^ dx^ ^ ' dx^ ^ ~^ ^ dx^ ' ^ dx^ ^ ^ 

dx'' dx^dx^ dx^ dx^ dx^ dx^dx^ 

+ P((^)^ <-^)-) H- (^)-)} 

dx'-dx^ dx^dx^ dx^dx^ dx^dx^ 

On the other hand, 

dt dx^ ' Sx-' dx"^ ' (^x-^ ' dx^ 



Therefore 



'dt ^^^^dx^' dx^^ ^^^dx^ ' dx^^^'^^dx^'^dxi^ ^ 



'Sx'^ dx^dx'^ ^ dx^ dx^^ dx^ dx^dx^ 

+ P((^)^ (^)-) + p((^)^ f^ni 

dx^dx^ dx^dx^ dx'^dx^ dx^dx^ 

To put this in the form of equation ()4.2|) . we simply write out each term 
in Ha and /lo-jj. For example, 

_ dH_ dF ^ dF _ _ d'^F ^ dF _ _ cJF 



^dx^ ^dx^ dx'^ dx"^ ^ dx'^dx^' dx"^ dx"" 
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